Front. Math. China 

DOI 10. 1007/sl 1464-009-00- 



The Generalized Heisenberg-Virasoro algebra 

Dong Liu 1 , Linsheng Zhu 2 

1 Department of Mathematics, Huzhou Teachers College, Zhcjiang Huzhou, 313000, China 

2 Department of Mathematics, Changshu Institute of Technology, Jiangsu Changshu, 
215500, China 

© Higher Education Press and Springer- Verlag 2009 

Abstract In this paper, we mainly study the generalized Heisenberg-Virasoro 
algebra. Some structural properties of the Lie algebra are obtained. 

Keywords The generalized Heisenberg-Virasoro algebra, central extension, 

automorphisms 

MSC 17B56; 17B68 

1 Introduction 

The twisted Heisenberg-Virasoro algebra Hyir has been first studied by Ar- 
barello et al. in Ref. [1], where a connection is established between the second 
cohomology of certain moduli spaces of curves and the second cohomology of 
the Lie algebra of differential operators of order at most one: 

L HV = {f(t)j t +g(t)\f,geC[t,t- 1 ]}. 

As a vector space over C, Hyir has a basis {L(m), I(m), Cl, Cj, Cli, m S 
Z}, subject to the following relations: 

[L(m),L(n)] = (n- m)L(m + n) + i m+n , ^(m 3 - m)C L ; 
[I(m),I(n)\ = n6 m+nt oCi; 

[L(m), I{n)\ = nl(m + n) + 5 m+nfl (m 2 - m)C L r, 
[Hvir, Cl] = [Hviri Cj\ = [Hvir, Cli] = 0. 

Clearly the Heisenberg algebra H = C{I(m), Ci \ m € Z} and the Vira- 
soro algebra Vir = C{L(m), Cl m G Z} are subalgebras of Hvir- 

Arbarello et al. (in Ref. [1]) also proved that any irreducible highest 
weight module for Hyir is isomorphic to the tensor product of an irreducible 
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noindcnt module for the Virasoro algebra and an irreducible module for 
the infinite-dimensional Heisenberg algebra when the central element of the 
Heisenberg subalgebra acts in a non-zero way. The structure of the irreducible 
representations for Hyir at level zero was studied in Ref. [3]. The Harish- 
Chandra modules over Hyir were classified in Refs. [11, 12]. Some structure 
properties and representations of the twisted Heisenberg- Virasoro Lie algebra 
were obtained in Refs. [7, 8, 9, etc.]. 

Recently, a number of new classes of infinite-dimensional simple Lie al- 
gebras over a field of characteristic were discovered by several authors. 
Among those algebras, are the generalized Witt algebras, the generalized Vi- 
rasoro algebras introduced in Ref. [16], which arc one-dimensional universal 
central extensions of some generalized Witt algebras, and the Lie algebras of 
generalized Weyl type introduced and studied in Refs. [15,17, etc.]. 

Motivated by the above algebras, we introduce a new Lie algebra, the 
generalized Heisenberg- Virasoro algebra (see Definition 1 in Section 2), which 
is a generalization of the twisted Heisenberg- Virasoro Lie algebra Hyir from 
the integer ring 1 to an additive subgroup M of a field F (The special case 
AI = Z 2 was studied in Ref. [18]). Its Verma modules were studied in Ref. 
[14]. In this paper, we mainly study some properties of this Lie algebra. 

The paper is organized as follows. In Section 2, we recall some notions of 
generalized Witt algebras and the twisted Heisenberg- Virasoro algebra, and 
then introduce the definition of the generalized Heisenberg- Virasoro algebra. 
In Section 3, we prove that the generalized Heisenberg- Virasoro algebra is 
the universal extension of the Lie algebra of generalized differential operators 
on a circle of order at least one: L = ¥{t x d, t v | x,y G A,d G T}. In 
Section 4 and Section 5, we determine derivations and automorphisms of the 
generalized Heisenberg- Virasoro algebra. 

Throughout this paper, F denotes a field of characteristic zero, and F* = 
F\{0}. C, Z, N, Z + denote the filed of complex numbers, the set of all 
integers, the set of all nonnegativc integers, the set of all positive integers, 
respectively. 

2 The generalized Heisenberg- Virasoro algebra 

First we recall some notions of the generalized Witt algebras as defined in 
Refs. [4, 10]. 

Let A 0) be an abelian group and T a vector space over F. In this 
paper, we are only interested in the case of dimT = 1, so we always assume 
that T = Fd throughout this paper. We denote by FA the group algebra 
of A over F. The elements t x ,x G A, form a basis of the algebra, and the 
multiplication is defined by t x t y = t x+v . We shall write 1 instead oft . The 
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use the following notations: 

<p(d, x) — (d, x) = d(x) 

for arbitrary x £ A. 

There is a unique F-linear map W x W — > W sending (t x d,t v d) to 

[t x d, t y d] := t x+y d{y - x)d (2.1) 

for arbitrary x,y G A. This map makes W = W(j4, T, cp) into a Lie algebra 
which is called generalized Witt algebra. Setting W x = t x T, x £ A, then 

W = @ xeA W x 

is a graded Lie algebra. 

We say that tp is nondegencrate if Aq := {x G A : d(x) = 0} = 0. 
The following theorem is due to N. Kawamoto (Ref. [10]). 

Theorem 2.1 (Ref. [10]) Suppose that characteristic of F is 0. Then W = 
W(A, T, ip) is a simple Lie algebra if and only if tp is nondegencrate. 

In this paper, we always suppose that ip is nondegencrate. 

In Ref. [5] , the second cohomology group of the generalized Witt algebra 
was constructed. 

Theorem 2.2 (Ref. [5]) Let W = W(A,T, ip) be a simple generalized Witt 
algebra and T = Fd one-dimensional, then H 2 (W,¥) is 1-dimensional and is 
spanned by the cohomology class [ip] , where ip : W x W — > F is the 2-cocyclc 
dchncd by 

ip(t x d, tyd) = S x+Vt0 d[x) 3 , x,yeA. (2.2) 

The generalized Virasoro algebra is the universal central extension of the 
generalized Witt algebra when ip is nondegenerate (Ref. [16]). 

By definition, the generalized Virasoro algebra Vir is a Lie algebra gen- 
erated by {L(x) = t x d, x € A] and Cl subject to the following relations: 

[L(x), L(y)] = d(y - x)L(x + y) + 8 x+y ^(d{xf - d{x))C L 
[L(x),C L ]=0. 

Now we introduce the algebra of generalized differential operators in Refs. 
[15, 16]. 

Let be the associative algebra generated by the elements {t x ,x G A} 
and the element d, subject to the following relation: 

dt x -t x d = d{x)t x , VieA (2.3) 
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basis {9}. Define the pairing <p : T x A — > F by setting (d, m) = m. Then ip is 
nondegenerate and the algebra of generalized differential operators is just the 
algebra of differential operators with coefficients in the Laurent polynomial 
ring. 

As a vector space over F, @ has a basis {t x d m , x £ A, d € T, m £ N}. ft 
is easy to see that the following relation holds in the associative algebra 3l. 



(fd m ){t y d n ) = t x+y Y.I ) d{y) l d m+n -\ Vx, yeA.m, n G N. (2.5) 



By (2.5) we can see that the generalized Witt algebra W = W(A, T, tp) is 
a Lie subalgebra of the Lie algebra of generalized differential operators. 
The above results lead us to the following definition. 

Definition 1. Let T = Fd and W = W(A, T, <p) be a simple generalized 
Witt algebra. The generalized Heisenberg- Virasoro algebra Jz? is a Lie algebra 
generated by {L(x) = t x d,L(x) = t x , Cl, Ci, Cli}, subject to the following 
relations: 



The Lie algebra has a generalized Heisenberg subalgebra and a gener- 
alized Virasoro subalgebra interwined with a 2-cocycle. 

Moreover, we shall prove that the generalized Heisenberg- Virasoro algebra 
is the universal central extension of the Lie algebra of generalized differ- 
ential operators of order at least one: S>\ = ¥{t x d, t v | x,y £ A, d € T}. 

3 The universal central extension of the generalized Heisenberg- Virasoro 
algebra 

Now wc consider the Lie subalgebra 3>i = ¥{t x d, t v \ x,y & A} of &~ , the 
Lie algebra of generalized differential operators. 

Theorem 3.1 dimlf 2 (^i,F) = 3. 

Proof. Let a be any 2-cocycle of *2>\ and we set a x<y — a(t x d,t v d), a| = 
a{t x d,t v ) and a x ' v = a{t x ,t v ). Considering a([t z d,t x ],t v ), a{[t z d,t x d},t y ), 
a([t z d,t x d],t v d) and using the relations: 




in 




[t x d,t v d] =d(y-x)t 



yd, [t x d,t v ]=d(y)t x+y , 



[t x ,t y ] = o, 



and the cocvclc rule, wc get the followine 
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d(x - z)a z+XtV + d(y - x)a x+V:Z + d(z - y)a v+ZtX = 0. (3.3) 
The relation (3.1) immediately implies 

„x,v _ d (y) 



d(x ) 



5 x+vfi a- x o< Xo ,Vx,yeA, (3.4) 



for some Xq G A such that d(xo) ^ 0. 

By (3.4), a x ' v is determined by nontrivial 2-cocycle ipi : &i x 3!\ — > F 
defined by tpi(t x 7 t y ) = S x+y fid(y), for all x,y E A. 

From the proof of Theorem 6.1 in Ref. [5], we see that, up to a co- 
boundary, it follows that a x ^ y is determined by nontrivial 2-cocycle "02, where 
ip 2 (t x d,tyd) = S x+Vi0 (d(x) 3 '- d(x)), for all x,y G A. 

Setting y = in (3.2) we deduce that 

a x = 0, Vie A. (3.5) 

Let g : 3>i — > F be the linear function g{t x d) = and g(i x ) = Qj^a(d, t x ) 
if £ 7^ and g(t°) = 0. Then g induces a 2-coboundary ip g (u,v) = g([u, v]), 
u,v G Hence by replacing a with the 2-coboundary a — ip g , we may 
assume that a(d,t v ) = for all y ^ 0. Hence by (3.5), we obtain 

a x = 0, Vse A. 

Setting z = in (3.2), we have 

al = 0, Mx, y G A and x + y^ 0. (3.6) 

On the other hand, setting y = — z — x in (3.2), we have 

=d(x + 2)(a-* Vi,zeA (3.7) 

Let x € A be such that <9(x) ^ 0. By substituting fcx for x and Zx for z, 
we obtain 

(k-l)f(k + l) = (k + l)(f(k)-f(l)), (3.8) 

where /(fc) = fc G Z. 

It follows from (3.8) that all the values /(fc) can be computed if /(l) and 
/(2) are known. Hence the general solution (3.8) is given by /(fc) = ak + bk 2 
for some constants a, b G F. 

Setting fc = 1 and fc = 2, we have 

«te x = ^( 4 «r - ^ + yfe 2 * - 2«r) (3-9) 

for all fc G Z, provided that <9(x) 7^ 0. 

Let xq be a nonzero element of A. Using similar considerations in Page 
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Then a% is determined by a nontrivial 2-cocycle ^3 : ®i x ®i -* F defined 
by ip 3 (t x d,t y ) = S x+y fid(x) 2 and the 2-coboundary ip' 3 (t x d,t v ) = 8 X+V)0 d{x) 
for all x,y E A. 

Corollary 3.2 The generalized Heisenberg-Virasoro algebra ££ is the univer- 
sal central extension of the Lie algebra of generalized differential operators 
of order at least one. 

4 Derivations of the generalized Heisenberg-Virasoro algebra 

In this section we shall determine all derivations of the generalized Heisenberg- 
Virasoro algebra Jz? . 

First, we recall a result about derivations in Ref. [2]. 
Proposition 4.1 (Ref. [2]) If L is a perfect Lie algebra and L is a universal 
central extension of L, then every derivation of L lifts to a derivation of L. 
If L is centerless, the lift is unique and Der (L) = Der (L). 

Due to Corollary 3.2 in Section 3 and Proposition 4.1, we shall just deter- 
mine all derivations of = ¥{t x d, t v \ x, y E A, d E T}, the Lie subalgcbra 
of 

We now describe two kinds of derivations of degree 0, which are outer 
derivations of 

The linear maps o\ , 02 , 03 : Sd\ — > S>\ defined by 

01(1,(2;)) = d(x)I(x), <r 1 (I{x)) = 0, VxeA, 

and 

<7 2 (L(x)) =I{x), <r 2 {I(x))=0, VxeA, 

and 

a 3 (L(x)) = 0, a 3 (I(x)) = I{x), \/x G A, 

are outer derivations of 

Let jU : A — * F be an additive map, then the linear map t;^ : 3>\ ^ &\ 
defined by 

^(L(x)) = fi(x)L(x), ^(I(x)) = fx(x)I(x), VxgA, 

is also a derivation of degree 0. It is clear that it is an outer derivation if 
/i 7^ kd for any k G F. In fact, if fi = kd for some k G F, then £ M = ad (kd). 

Let A be an abelian group, g an ^4-graded Lie algebra, and V an A-graded 
left g-modulc. We also denote by L x resp. V x the homogeneous components 
of 3l\ resp. V for any x G A. 

Proposition 4.2 (Rcfs. [5, 6]) Every derivation D G Der(g,V) can be 
written as 

D = Y,D X1 D x £Der(Q,V) x , 
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where Der(Q,V) x = {a e Dcr(Q,V) | a{L y ) C V x+y ,Vy £ A}. 

A derivation D : g — > V is called locally inner (Rcf. [5]) if it is a sum 
(may be infinite sum) of inner derivations. 

Proposition 4.3 (Refs. [5, 6]) Suppose that the following conditions hold. 

(1) H l ( Qo ,V x ) =0 for x^O; 

(2) Hom 0o (L x , V y ) = 0forx^y. 

Then Dcr (g, V) x , x ^ 0, consists of inner derivations and consequently 

Der( Q , V) = Der( 8 , V) + Der'( Q , V), 

where Der'(g, V) is the space of locally inner derivations jj — > V. 
We now use Proposition 4.3 to prove the following result. 

Proposition 4.4 

Der = ad (^) + Dcr (0 X ) O . 
Proof. By direct calculation, sec Rcf. [5]. 

Theorem 4.5 Assume that A ^ and is nondegenerate. Then 

3 

Der(^ 1 ) = ad(^ 1 )o+ F^ + ^Fa t , 

/xeHom(A,F) !=1 

Proof. Since ip is nondegenerate, we can suppose that d(x) ^ if x ^ 0. 
For any Z? £ Dcr (^i)o and a; £ A, we suppose 

D(f) = f(a I 3 + ft) )ai) fteF. (4.1) 

For any y £ A, by the fact that [t x , t y ] = 0, we obtain that 

a x d(y) - d(x)a y = 0. (4.2) 

Choose xq £ A such that 0(xo) = 1 and set ao = a Xa . So by (4.2) we have 

a y = d(y)a , (4.3) 

and (4.1) becomes 

D(t x ) = t x (a d{x)d + p x ), a , p x £ F. (4.4) 
Now we suppose that 

D(t x d) = t x ( lx d + \ x ), lxi \ x eF. (4.5) 
Applying D to [t v d,t x ] = d(x)t x+y , we obtain 

\D(t y d),t x ] + \t v d,D(t x )] = d(x)D(t x+y ), 
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So d(x)d(x — y)ao = d(x)d(x + y)ao and r y y d(x) + f3 x d(x) = d(x)(3 x+y for all 
x,y £ A. Hence 

a = (4.6) 

and 

Px+y = Px+ 7», ^0,y£ A. (4.7) 

Substitute D by D — /3o<73, we can suppose (3q = 0. Setting y = —x in 
(4.7), we have 

0* = -7-x, Vx g A. (4.8) 
So (4.4) and (4.5) become 

D(t x ) = /3 x t x . (4.9) 

D{t x d)=t x { lx d + X x ), (3 X = -<j- x ,X x £ F. (4.10) 
Applying D to [t K (9, i y <9] = <9(y — x)t x+v d, we obtain 

7x+j/ = lx +l v , and d(y - x)X x+y = d(y)X y - d(x)X x . (4.11) 

By (4.11)and (4.8) we have j x = (3 X since 70 = 0. Then [3 : A — > F de- 
fined by /3(x) = /3 X is an additive map. Moreover by using the method as 
in Section 3 (see (3.7)-(3.9)) we can deduce that = ad(x) + b for some 
a, b £ F from (4.11). Replacing D by D—^p—aai—bazt we infer that D = 0. I 



5 The automorphism group of _£f 

Now, we recall a result about automorphisms in Rcf. [13]. 

Proposition 5.1 (Ref. [13]) Let L be a perfect Lie algebra and L be its 
universal central extension. Every automorphism 8 of L admits a unique 
extension 8 to an automorphism L. Furthermore, the map 8^8 is a group 
monomorphism. 

Due to Corollary 3.2 in Section 3 and Proposition 5.1, we shall just de- 
termine the automorphism group of £>i = ¥{t x d, t v | x,y £ A, d £ T}. Set 
I = ¥{t x I x £ A}, then I is the unique maximal solvable ideal of Clearly, 
if 7r is an automorphism of ^1, then 

n(I) = I. (5.1) 

Denote by r the set of all inner automorphisms of then r is a normal 
subgroup of Aut (@\) and r is generated by exp(k ad t x ), x £ A, k £ ¥. 

For convenience, denote by X (A) the group of characters of A, i.e., the 

irrnnn limnnmnrnliicTnt; 4 — i Iff* ^Jof — ip f= Iff* I 'inmi i- d A\ — 
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Lemma 5.2 Let ir G Aut(@i), then there exists rj G r, such that 

v - 1 7r(d) = e~ 1 d + a, 

for some e G S and a G F. 
Proof. Assume that 

where X z ,j w G F and A\^A^ are finite subsets of A By (5.1), we can assume 

7r(i») = ]T 
ye A 3 

where A is a finite subset of A. Since [5, t 31 ] = d(x)t x , we have 
zSAi MISA2 y£A 3 j/GA 3 

Then 

[ £ A,t*0, £ Hy)t y ] = 2 Kj/)*"- (5.2) 

zSAi yGA 3 j/eA 3 

So if z 0, then X z = 0. Moreover, (5.2) becomes 

[Aofl, ^ - d{x) Y, "GO*"- (5-3) 

2/£A 3 yeA 3 

So Xod(y) = d(x) for all y G A3. Since d is nondegenerate, a; = Aoy. 
Hence 

7r(d) = \ Q d+ Y (5-4) 

zeA 2 

and 

tt(^) = u{\^x)t x » lx . 
So tt(I) C I' = Spa,n ¥ {t x o lx ,x G A}. But 7 = we deduce that 

£ — Aq" 1 G #. 

Therefore 

7r(i x ) = v{ex)t ex 

and 

7r(a) = e - 1 a + 2 j w t w 

w£A 2 

where e G § . 
Let 
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Let x G X(A) , e £ a, b G F, c G F*, then there is a unique linear map 
6 = 6( Xl £,a,b,c) :®x -> ^ 

such that 

9(t x d) = e^xix^d + (bd(x) + a) X (x)f x , 6(t«) = c X (y)t sy (5.7) 
for all x £ A. 

It is straightforward to verify that 9 is an automorphism of Lie algebra 

Lemma 5.3 Let ir be an automorphism of $>i, then there exist b G F, c G F*, 
X G X{A), s G S, such that tt = 6(x, £: a*, b, c). 

Proof. By Lemma 5.2, we can suppose that ir(d) = £ _1 <9 + a and ir(t x ) = 
v(x)t £X for some a G F, e G S and v(x) G F. By the fact that [t x d, t y ] = 
d(y)t x+y we can deduce that ir(t x d) G L £X . So 

Tr{L x ) — Lex- 
For each x G A, we can suppose that 

n(t x d) = e- l X {x)t ex d + r(ar)i £X , (5.8) 

ir(t x ) = X(x)t ex , (5.9) 

where X { x )i M x ) r ( a; ) G ^- Moreover, %(0) = 1 and t(0) = a since 

7r(<9) = e _1 9 + a. We claim that X { x + v) — x{ x )x{y) f° r au x,y & A. It 
suffices to prove this for x ^= y. Then by applying n to 

[t x d,t v d]=d(y-x)t x+v d (5.10), 

we obtain 

[e- 1 x(;B)t e,B + T{x)t £X , £-\{y)if v d + T{y)t ev ] 
= d(y - x) {e^xix + y)t< x+ ^d + t(x + y)t< x+yS >). (5.11) 

Therefore 

x( x + y) = x( x )x(v) (5-12) 

and 

d(y - x)t(x + y)= d(y)T(y)x{x) - d{x)r{x)x{y)- (5.13) 
Suppose that t(x) — f(x)x(x), then (5.13) becomes 

d(y - x)f(x + y) = d(y)f(y) - d(x)f(x). (5.14) 

Fix =/= xq G F. By substituting xq and 2xq for y in (5.14) respectively, we 
obtain 
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By substituting xq for x and x + xq for y in (5.14), we obtain 

d(x)f(x + 2x ) = (d(x) + d(x ))f(x + x ) - d(x )f(x ). (5.17) 
Since <p is non-degenerate, by (5.15)-(5.17), we deduce that 

f(x) = n2X Q { ~ * {X0) d(*) + 2/(»o) - f(2x ). 

So we can assume that f(x) = bd(x) + a for some b £ F. 
By applying ir to 

[t x d,ty] = d( y )t x+ y, 

we obtain 

[e- 1 x(x)f x d + T(x)t ex , X(y)f y ] = d(y)X(x + y)t< x+v \ 

So 

X (x)\(y)d(y)t^+^ = d(y)X(x + y)t< x+ y\ 

Therefore 

X(x + y)d(y)= X (x)X(y)d(y). (5.18) 

By setting x = — y in (5.18), we obtain X(y) = cx(y) if y ^ 0, where c = A(0). 
Therefore A(x) = c X {x) for all a; £ A since %(0) = 1. 

By Lemma 5.2 and Lemma 5.3, we have the following result. 
Theorem 5.4 Set 

aut (®x) = {8( x ,e,a,b,c) \ X £ X(A),s£ £,a,b£F,c£ ¥*}, 

then 

Aut(@x) = r x aut (^i). 

Let 8(xi,Si, cii, bi,Ci), i = 1,2 be two automorphisms of S>\ defined as in 
(5.7), then 

6(xi, s\, a x , b x , ci)9(x2, £2, a 2 , b 2 , c 2 ) 
= 9(( X x ° £2)X2i £i?2, £2 X ax + cia 2l bx + cxb 2 , cxc 2 ). (5.19) 
Moreover 

6(x, e, a, b, cT 1 = 6»(x _1 o e" 1 , e" 1 , -eac^ 1 , -be' 1 , c" 1 ). (5.20) 
The map X(A) -> aut (^i) defined by 
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Set 

o= {0(1,1, a, b,l) | a,be¥}, c = {6(1, 1, 0, 0, c) | c e F*}. 

Clearly 

a = F x F, c^F*, 

and a, c are subgroups of aut (&i). Moreover TVac is a normal group of 
aut (^i). 

Denote by si the image of the endomorphism of aut (S^i) defined by 
9(X,£,a,b,c) i— ► 6(1, e, 0,0,1). Its kernel is Nac and its restriction to is 
the identity map. Hence aut (2#i) = (Nac) X stf and stf = £ . Therefore we 
have the following result. 
Theorem 5.5 

aut ^X(A)ac x g. 
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